also y = -a q > a<?=.
Introduction
According to the original Thomas-Fermi theory the kinetic-energy density £k of electrons with particle density Q moving independently in a common effective one-body potential V(r) is given by £k = * Q S ' 3 [x = 0.3 (3 .T 2 ) i/s h 2 /m] .
As is well-known, this relation is an insufficient approximation either when the potential varies rapidly in space or when the density is very low. For the general case of an inhomogeneous electron gas, HO-HENBERG and KOHN 1 have shown that the ground state kinetic energy is a unique functional of Q whether or not the electrons are interacting. However, it seems difficult to gain valid explicit approximations to this functional beyond the TF-term.
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In a rather intuitive approach, v. WEIZSÄCKER 2 introduced an additive correction term ~ (V(?) 2 /{? to whereby qualitative improvements could be achieved. However, application to some specific potentials yields too high ground state energies [3] [4] [5] .
A systematic investigation of KIRZHNITS 6 starting from a reformulation of the Hartree-Fock equations in terms of Dirac's density matrix and expanding the latter in a power series of h came to the result that for weak inhomogeneity the Weizsäcker correction term should be multiplied by a factor of 7 = 1/9. Other authors 7-9 using similar methods obtain the same factor. GOLDEN 10 finds y= 13/45. Using semiclassical arguments GOMBAS [11] [12] [13] claims that not the Weizsäcker term but the TF term should be corrected by a factor dependent upon the number of electrons.
Several authors [14] [15] [16] have pointed out that Kirzhnits' series expansion doesn't take into account the nonanalytical behaviour of Dirac's density matrix with respect to h. Consequently, quantum oscillations are missing in that treatment. Furthermore, the Kirzhnits series appears to be merely asymptotic.
Concerning applications of the Kirzhnits correction, calculations of total energies of atoms 17 and other atomic properties 18 lead to rather disappointing results. Recently, JONES and YOUNG 19 showed that in the case of a weakly perturbed extended system of noninteracting fermions the correct ground state energy is obtained if for very small perturbation wavelength the full Weizsäcker functional and for very large wavelength the Kirzhnits functional is used.
Starting from a free electron gas, STODDART and MARCH 20 have established a functional by perturbation theory to infinite order. Unfortunately, their expression is difficult to evaluate.
In the present paper, the author has treated this problem from a point of view somewhat different from previous work on this subject.
In deriving it has been assumed that the whole space may be divided into volume cells each of which containing many electrons, but being yet so small that the potential inside a single cell can be replaced by a mean value V0 . In this approximation the electrons in each cell are free and therefore occupy the planewave states of a local Fermi sphere whence the above expression for £k F is obtained after F0 has been eliminated. As next approximation, it seems reasonable now to replace the potential in the cell by a linear one which has the same value and the same gradient as V at some point r0 within the cell. This approximation which has already been used by SWIATECKI 21 for calculation of Q shall be adopted here in order to derive the energy-density functional. No further approximation shall be made. The plan of the work is as follows:
In Sect. 2 an integral representation of Dirac's density matrix Q(r,r') is introduced which is evaluated in Sect. 3 after using the approximation described. In Sect. 4 Q and Q are calculated from e(T, r') as functions of X -V(r) and \/V(r) where X is a constant necessary for normalizing Q. In Sect. 5 from g(r, r') the kinetic-energy density is obtained depending likewise upon X -V and V V• Eliminating the latter quantities by means of Q and \/g we arrive at a parametric representation of £k Vf?) which is evaluated numerically for general values in Section 6. In the limits Q~t ,!> | V^ | Vl ^ 1 and 1 explicit analytical expressions of £k can be given (Sect. 7). In the last section the results are discussed.
Dirac's Density Matrix in Integral Representation
Let us consider the ground state of an electron gas in Hartree-approximation where each electron (position vector V) is assumed to move independently in a selfconsistent one-body potential V(f). Then the state function of the whole system is a Slater determinant made up of one-electron wave functions obeying the Schrödinger equation For simplicity, the spectrum is assumed to be discrete, so the energy levels may be labelled in ascending order, i.e., £1<£2<£3.. In the ground state the electron density is given by Q(r,r) when all levels are occupied up to en . Following the work of ALFRED 22 and MACKE and REN-NERT 23 we now use an integral representation of g (r,r') where the individual wave functions are eliminated. By means of the step function 6(u) we can write
where the parameter X satisfies the inequality e»<i<e»+i-(2.5)
Since the rpn< ^ are eigenfunctions of the real operator H we may write
where H' acts upon functions of 1*'.
Inserting this expression which is symmetric with respect to interchange of r and r' into Eq. (2.4) we are able to take the operator function out of the summation signs and to apply the closure condition
Q(r,r') = 2G[X-\ (H + H')] d(r-r'). (2.7)
Using the well-known representations for 6(u) and for the <5-function
2 711 J CO -oc -irj i] being a positive infinitesimal, and
we obtain
So we have shifted the problem of calculating and summing wave functions to the problem of evaluating and integrating an exponential operator acting upon a plane wave.
Density Matrix in locally linear Approximation of the Potential
For general V (r) expression (2.10) can be evaluated only approximately because the kinetic energy operator T = (1/2 M)P 2 and the potential do not commute. To proceed further we shall make an aproximation to V (r). Let us start with a Taylor series expansion of V(r) about a fixed point and break off after the gradient term:
with
V(r0)=V(r0)-r0-VV(r0). (3.2)
Noting [Pi, Xj~\ = [Pi,Xj] =0 we can factorize the exponential in expression (2.10)
G(oJ,Pi,Xi) behaves as a c-number when acting upon a function which does not depend on Xi. Therefore we can write
Since Di is independent of kj for j + i we are able to decompose in Eq. (2.10) the three-dimensional integral over fc-space into a threefold product of onedimensional integrals over kt: Since Bi does not depend upon ki we get
Inserting this into Eq. (3.5) we find We now substitute expressions (3.8b, c,d) for ß,-, ß, and and then replace \/V(r0) by \/V(r) and VF( r0') by V^(r') which amounts to neglecting higher derivatives of V corresponding to the approximation we have made in Equation (3.1). After some algebra we find 
oa -IT]
(WI-WJ,)'
where Eq. (3.2) has been used. The density matrix does not contain r0 and r0' any longer, and the position vectors T and r' may vary unrestrictedly and independently from each other. Note that we have used the locally linear approximation to the given potential only to evaluate the integrand in Eq. (2.10), but afterwards, again the original potential has to be taken in the above expression for g(r, I*').
The Electron Density and Density Gradient
From Eqs. In order to improve convergence we introduce into Eq. (4.5) the identity
where Ai ( -x) denotes Airy's function. Reversing the order of integration and using the relation we get
where
A+ (a) = f (o^-u^Y (/y, («) +/-V, (")) du
In Eq. (4.13), the positive (negative) sign has to be taken for z > 0 (z 0).
Since «(2/ (n u)) 1 '* exp{ -u} for »>1 the corresponding integrals converge fast. The functions A£ (o) have been calculated numerically and are shown in Figs. 1, 2, and 3 which we shall need in connection with the calculation of the kinetic-energy density. Setting z = £/C we obtain from Eqs. 
= -2^'v/, VF(r) I \/V{r)\'*Atß (O).
(4.18)
Here we have to take the positive (negative) sign for X -V>0 (<^0). Since Afao) 0 for all 0 (see Fig. 3 ) the density cannot become negative.
Density of the Kinetic Energy as a Function of V(r) and W(r)
The ground state kinetic energy of our system of independent electrons is given in coordinate representation by n m (r) I I(
where the factor 2 is due to the two spin orientations belonging to each xpTi ^ . The integrand on the right is regarded as the density et of the total kinetic energy. Evidently, is positive definite in contrast to the usual definition The difference between and e^' is a divergence term. Since the kinetic energy itself is always positive it is convenient to choose the corresponding density positive definite too.
In terms of Dirac's density matrix, Eq. (2.3), £k may be written sign (X -V) are determined uniquely by y. Then, according to Eq. (6.6), also % is determined unambiguously by y, i. e., % defined by Eq. (6.7) is a unique function of y. However, it doesn't seem possible to eliminate o and sign (X-V) in an analytical way except for the limits a -> oo ; sign (2 -V) = + 1 which shall be treated in the next section.
For general values of o we must be satisfied with numerical evaluation of x{y), which is given as a parametric representation y =y (o, /) ; % = % (o, j) with the continuous parameter o and the discrete parameter j = sign (A -V). Some values of x(y) are listed in Table 3 . Figures 5 a, b show this function for different ranges of y. First of all, we note that %{y) is positive for all y (^0). Therefore, according to Eq. The TF-fraction to the whole kinetic-energy density is small for large y. Let us solve Eq. (7.1) for o by iteration. In zeroth order we find y^ao -1 ' 1 or o^(a/y) 2 . Inserting The kinetic-energy density functional £k based upon the approximation of locally linear potential ad given by Eqs. (6.1), (6.4), (6.5), and (6.6) covers the whole range between very high and very low density.
For small Q or high VQ such that y = | Vel l/, e" ,/, > i the main contribution to £k is given by the Weizsäcker correction term alone, see Equation (7.10) . \{ y corresponding to a weakly inhomogeneous electron gas, £k is approximately given by Equation (7.6). This result differs from the Kirzhnits approximation in two points:
(a) The factor of 5/9 at the steady gradient correction term lies just in the middle between 1 (full Weizsäcker term) and 1/9 (Kirzhnits term). When KIRZHNITS' calculation 27 is repeated using, however, the positive definite expression (5.3) for and neglecting all derivatives of V higher than the first, then our factor of 5/9 is recovered.
(b) The third term in Eq. (7.6) representing quantum oscillations which are missing in Kirzhnits" work is of same order of magnitude as the second one. When ! XJq | -> 0, also the oscillating term approaches zero. However, the number of oscillations becomes infinite which is unphysical, of course, provided that this limit is reached within a finite doof space. Now, if V is exactly linear with main (7.6) it follows from o Vs j V{? | _1 ~o [see Eq. (7.
3)] and from the definition of o, Eq. (4.16), that the limit 0 implies X -Voo which is clearly impossible within a finite region. Since, however, each potential which is capable of bound states cannot be exactly linear over the whole space those unphysical accumulation of oscillations may appear within finite regions.
From these considerations the author hopes that if the approximation scheme presented here is extended to include the second derivatives of V, one should be able to reproduce (1) the steady correction term of Kirzhnits in the limit of weak slowly varying inhomogeneity, (2) the Weizsäcker result in the limit of small Q or large \/g, (3) oscillatory behaviour of ek which is reasonable also quantitatively.
Investigations in this direction are in progress.
